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Let K be a field. A finite group G is called K-adequate if there exists a 
K-division ring D (a finite-dimensional division algebra central over K) such 
that G is contained in D*, the multiplicative group of nonzero elements of D. 
Fein and Schacher have investigated the problem of determining for which 
fields K there exists a noncyclic group of odd order which is K-adequate. 
In [5, 61 they solved this problem when K is an algebraic number field or 
p-local field. In this paper we do the same for noncyclic groups of even order. 
Our main result is that if K is an algebraic number field then there exists a 
noncyclic group of even order which is K-adequate. We show this is false 
for p-local fields and determine necessary and sufficient conditions on K for 
there to exist an even-order noncyclic group which is K-adequate. 
We adopt the notation and terminology of [6]. Recall that for any natural 
number TZ, cIZ denotes a primitive nth root of unity. If u and ZI are integers 
j3(u, V) is the highest power of u dividing v and [u, v] is the order of u modulo v. 
If K is an algebraic number field and y is a prime of K we denote the completion 
of K at y by K,, . For a finite extension L of K and a prime 7 of L dividing y 
we denote the relative degree of q over y by f(~/r). If E and L are local fields 
we denote the ramification degree from L to E by e(E/L). We assume all algebras 
are finite-dimensional over their centers and all fields are of characteristic 
zero. We use freely the classification of division algebras over global and local 
fields by means of Hasse invariants. The reader is referred to [3, Chap. 71 
for a discussion of this material. 
* Part of this work was submitted for the author’s doctoral dissertation at Oregon State 
University. 
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We say a finite group G is admissable if it can be embedded in the multi- 
plicative group of some division ring. If G is admissable let v(G) denote the 
minimal division algebra containing G, and 2 its center. Amitsur [l] classified 
all admissable groups and determined the structure of V(G). His classification 
rests on G,, V groups described by a quintuple (Y, m, t, s, n) of integers satisfying 
certain number theoretic conditions [I, Theorem 51. In terms of generators 
and relations G,,7 = (A, B 1 P = 1, B” = At, BAB-l = A’). Our first task 
is to determine the Hasse invariants of v(G) for certain “primary” components 
of the class of noncyclic even-order groups which are admissable. We recall 
that by [2, Corollaries 1 and 21 u(G) h as uniformly distributed invariants. 
Let p denote an odd prime. 
LEMMA 1. Let m = 2p, n = s = 2, and Y = -1. Then G = G,,, is 
admissable and v(G) has invariant Q at all infinite primes of Z, + at the prime ,6 
of Z extending p if p = 3 (mod 4), and zero at all other primes of 2. 
Proof. G is admissable since it satisfies condition (1) of [1, Theorem 5-j. 
It is well known that the nonzero invariants of v(G) occur only at those finite 
primes which ramify from 2 to Q(e,,J and th e real infinite primes of 2. Since 
p is the only finite prime which ramifies from Q to Q(E~), and it is totally 
ramified, the nonzero invariants may occur only at its unique extension /3 
or the real infinite primes of 2. We note that since 2 is the subfield of index 
two in Q(E~), 2 is totally real and has (p - I)/2 (real) infinite primes. Since 
v(G) has exponent n = 2 all nonzero invtiiants have the value Q . But v(G) 
is a Z-division ring so it has at least one nonzero invariant and since the sum 
of the invariants is congruent to zero modulo 1, at least one infinite prime 
has invariant Q . Then since the invariants of u(G) are uniformly distributed 
all infinite primes have invariant & . Finally, the condition that the sum of the 
invariants be congruent to zero modulo 1 forces inv, v(G) to be zero if p = 1 
(mod 4) and 8 if p = 3 (mod 4). 
DEFINITION. For an odd prime p we define h = h(p) by 
(i) if p = 1 (mod 4), /\ = ,8(2,p - I), 
(ii) if p = 3 (mod 4), h = j + 2, 
where p z 1 + 2 + .** + 23 (mod 2jf2). 
LEMMA 2. For a nonnegative integer i, set m = 2A+ip, s = 21\+i, n = 2, 
and choose Y such that Y = 1 (mod s) and [Y, p] = 2. Then G = G,,, is admissable 
and v(G) has invariant Q at all prims of Z dividing p and zero at all other primes. 
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Proof. To show that G is admissable we must verify that it satisfies [I, 
Theorem 5, Condition (2a) or (2b)] according to whether p = 1 (mod 4) or 
p = 3 (mod 4), respectively; but this follows immediately from the fact that 
[p, s] = 2i if p = 1 (mod 4) and [p, s] = 2i+l if p = 3 (mod 4). Since 11 = 2, 
all nonzero invariants of v(G) must have the value 4. Since 23 Q(FJ, all 
infinite primes of 2 are complex, therefore v(G) may have nonzero invariants 
only at finite primes. But the only primes which ramify from 2 to Q(E~) are 
those primes of 2 dividing p, therefore, since v(G) has uniformly distributed 
invariants, all these primes have invariant $ , while all others have invariant zero. 
We note that if p E 1 (mod 4) 2 has 2”-l primes dividing p, while if p = 3 
(mod 4) 2 has 2A-2 primes dividing p. 
3 
In this section we assume that K is an algebraic number field. Our first 
result is well known, but we include a proof for lack of a convenient reference. 
LEMMA 3. The quaternion group of order 8, denoted Q*, is K-adequate 
ifandonlyif -1 #a2+c2foralEa,c~K. 
Proof. The minimal division ring containing Q* [l, Lemma l] is the 
Q-division ring n(Q*) E (Q(cJ, u, -l), the cyclic crossed product with 
u(E~) = -Ed . Clearly Q* is K-adequate if and only if u(Q*) @o K is a K- 
division ring. Since ~(8”) h as exponent 2 this occurs if and only if v(Q*) & 
K g (K(E&, 0, - 1) is not split. But this occurs if and only if -1 is not a norm 
from K(eJ to K, whence the result follows. 
We can now prove the main result of this paper. 
THEOREM 4. If K is an algebraic number field then there exists a noncyclic 
group of even order which is K-adequate. 
Proof. Let b 3 1 satisfy K r) Q(E~~), K$ Q(E~B+I). Then replacing q by 2 
in the proof of [6, Theorem 61 we obtain an odd prime p with the following 
properties: 
(1) p z 1 (mod 2b) but p + 1 (mod 2b+1); 
(2) p is unramified in K, 
(3) if n is a prime of K extending p then [Km : Q,] is a power of 2; 
(4) there is a prime n of K extending p with K,, = Q, ; 
(5a) if b = 1, then K n Q(E~) = Q; and 
(5b) if b > 1, let d be maximal with [Kv : Q,] = 2d for 7~ a prime of K 
extending p and let 2 be the subfield of index 2d in Q(.+~+,x), 21 Q(~sb+d). 
Then K n 2 = Q(w). 
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Case 1. Suppose b = 1. If - 1 # a2 + c2 for all a, c E K the previous 
lemma shows that Q* is K-adequate. Thus we may assume that K is totally 
complex and 2 1 [K : Q]. Let m = 2p, n = s = 2, and r = -1. By Lemma 1, 
G = G,,,. is admissable with invariants as described there. Further, (1) implies 
p = 3 (mod 4). Let r1 ,..., or be the primes of K extending p. By [7, Corollary 6.7 
and Proposition 3.81, [K : Q] = C [K,,i : Q,]. We assume without loss of 
generality that rr ,..., rrzi (V 3 1) satisfy [K,( : Q,] = 1. Then (3) and the 
fact that 2 1 [K : Q] imply that z, is even. Since p is unramified, [K,,, : Q,] = 
f(?rJp) for all i. Let yi be the unique prime of K.., 2 the center of v(G), extending 
7ri . An easy calculation shows [KZ,,, : Z,] = f(rJp) for all i. Thus for w(G) = 
v(G) & KZ we have inv,$ w(G) & invp v(G)[KZ,~ : Z,] = $[K,,t : Q,] = -& if 
1 < i < u and zero otherwise. Since KZ is complex w(G) has invariant zero 
at all other primes. This determines the invariants of w(G) and, in particular, 
shows that w(G) is a KZ-division ring. Let D be the K-division ring with 
inv,( D = (- l)ijp - 1 for 1 < i < ‘u and inv,, D = 0 otherwise. The existence 
of D is guaranteed by [3, Satz 9, p. 1191. By (5a) [K(E,) : K] = p - 1 and, 
since K(E,) splits D, it is a maximal subfield of D. Thus D 3 KZ and so 
D 1 Cent,(KZ) N D OK K.Z. For 1 < i < v, inv,$ Cent,(KZ) = 
inv,< D[KZYi : Kni] = (-l)i/(p - 1) . (p - I)/2 = Q (mod 1) = inv,,* w(G). 
Thus w(G) g Cent,(KZ). This proves w(G) CD, and so G is K-adequate. 
Case 2. Suppose b > 1. Let m = 2b+dp, s = 2b+d, and n = 2b. Then the 
proof of [6, Theorem 6], where 4 is replaced by 2, shows that G = G,,, is 
K-adequate. This completes the proof of the theorem. 
In [6] it was proven that there exists a noncyclic group of odd order which 
is K-adequate if and only if K contains a nontrivial odd-order root of unity. 
The previous theorem parallels this result if we view -1 E K as a nontrivial 
even-order root of unity. 
4 
Assume that K is an arbitrary field of characteristic zero. If G is an odd-order 
noncyclic group which is K-adequate, then, trivially, (-- 1) x G is an even- 
order noncyclic group which is K-adequate. Thus suppose K is a field for 
which no odd-order noncyclic group is K-adequate and Q* is not K-adequate, 
then by reviewing Amitsur’s list of admissable groups [I, Theorem 71, we 
observe that any noncyclic group of even order which is K-adequate must 
have a cyclic 2-Sylow subgroup. This fact gives rise to the following reduction: 
LEMMA 5. Let K be any field for which no noncyclic group of odd order is 
K-adequate and Q* is not K-adequate. Then any noncyclic group G which is 
K-adequate has a noncyclic subgroup H where H is a G,,* group as described in 
Lemmas 1 and 2. 
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Proof. The proof of [4, Lemma 121 requires only that the Sylow subgroups 
of G be cyclic; therefore, it may be altered to produce a noncyclic subgroup 
H,, with ] Ho 1 = 2”~~. Then [5, Lemma 21 shows that H,, can be replaced 
by a noncyclic subgroup H, where H is a G,,, group with llz = 2ap, s = 2”, 
and n = 2. If a = 1, then H must be of the type as described in Lemma 1. 
If a > 1, then the conditions of [l, Theorem 51 imply 2A 1 s, so a = X + i 
where i >, 0 and hence H must be of the type as described in Lemma 2. 
We now specialize the field K and assume that K is a p-local field, p # co. 
By this we mean a finite extension of the field of p-adic numbers Q, . We 
handle the case p = 2 first. Since no odd-order noncyclic group is K-adequate 
the terms “noncyclic” and “noncyclic of even order” are equivalent. 
PROPOSITION 6. If K is a 2-local jield, then there exists a noncyclic group 
(necessarily of even order) which is K-adequate if and only ;f 2 y [K : QJ. 
Proof. We first show Q* is K-adequate if and only if 2 7 [K : Q2]. v(Q*) 
has invariant 4 at the prime 2 of Q, so w(Q*) = v(Q*) o. Q2 is a Qa-division 
ring with invariant $ . Clearly Q* is K-adequate if and only if w(Q*) @o, K 
has invariant 4 . But calculation shows this occurs if and only if 2 7 [K : QJ. 
To complete the proof we must show that no noncyclic group is K-adequate 
if 2 1 [K : Qs]. The previous discussion shows that the hypotheses of Lemma 5 
apply, therefore it suffices to consider the groups which appear in Lemmas 1 
and 2; but inspection shows that v(G) has invariant zero at primes extending 
2, so by [5, Proposition 21 they are not K-adequate. 
We assume through the remainder of this section that K is a p-local field, 
p # 2. Note that in this case, inv, v(Q*) = 0, so by [5, Proposition 21 Q* 
is not K-adequate. To achieve our goal we require the following extension 
of [5, Lemma 11, which we offer without proof. In comparing the two, the 
careful reader will note the added assumptions to the hypotheses when p = 3 
(mod 4) and the inclusion of the field L, into the conclusions. This is necessary 
since [p, 2A+i] = 2i+i when p E 3 (mod 4). 
LEMMA 7. Let L be the subjield of index 2 in QJc,). Assume that 2 ( [KL : L] 
if p = 3 (mod 4). Set Li = L(~g+f) for i > 0 and let w = /3(2, [KL, : L,]). Then 
the following are equivalent: 
(1) r&&l E K; 
(2) 2 -T e(KL,/L,) ; 
(3) there exists b > 0 such that 2 + [KL, : Lb]; 
(4) KL, = KL, ; and 
(5) 2 f [KL( : LJ for all i > w. 
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We note that (2) is equivalent to: 
(2’) 2 7 @X/L); 
since if p = 1 (mod 4) then L = L, , and if p = 3 (mod 4) then LO/L and 
KL,IKL are unramified, therefore e(KL,/L,) = e(KL/L). We now present the 
main theorem of this section. 
THEOREM 8. Let K be a p-local jield, p an odd prime. Then there exists a 
noncyclic group which is K-adequate if and only if there is a prime divisor q 1 p - 1 
such that q 7 e(KLq/Lq), where Lq is the subfield of index q in Q,(e,). 
Proof. From [5, Theorem I] we know there exists a noncyclic odd-order 
group which is K-adequate if and only if there exists an odd prime q 1 p - 1 
such that the stated condition holds. Thus it suffices to prove that there exists 
an even-order noncyclic group which is K-adequate if and only if 2 f e(KL2/L2) 
and q 1 e(KLq/Lq) for all odd prime divisors q 1 p - 1. 
Suppose G is a noncyclic group which is K-adequate. Then the hypotheses 
of Lemma 5 apply and we may assume G is Gm,, group where m = 2”p,, 
s = 2”, and n = 2. By [5, Proposition 21 we must have p = p, . 
Case 1. Suppose c = 1. From the proof of Lemma 5 we know G must 
be as in Lemma 1. If p = 1 (mod 4) then by [5, Proposition 21 G is not K- 
adequate, a contradiction. So we may assume p = 3 (mod 4). Let D be a 
K-division ring containing v(G). Then D 1 v(G) gz 2, , where 2 and ,6 are 
as in Lemma 1. Thus D r) K.Ze &, (2, oz v(G)) = DO , and DO must be a 
division ring. Since the invariant of D, is congruent to $[KZ, : Z,], modulo 1, 
we must have 2 +’ [KZ, : Z,]. But 2, is precisely the field L2, so by the previous 
lemma 2 7 e(KL2/L2). 
Case 2. Suppose c > 1. From the proof of Lemma 5 we see that c = A + i, 
where i > 0. Thus G is as described in Lemma 2. Again let D be a K-division 
ring containing G. Then D 1 v(G) 6Jz Z,, for some prime y of Z extending p. 
Letting D,, be as in the previous case we have 2 f [KZ, : Z,,]. Clearly, Li z Z,, . 
Thus 2 7 [KL, : LJ, so by the previous lemma we have 2 7 e(KL2/L2). 
Conversely suppose 2 7 e(KL2/L2). Suppose first that p = 3 (mod 4) and 
2 f [KL2 : L2]. Let G = G,,, , Z, and p be as in Lemma 1. Then Z, s L2 
and so D, = (v(G) & Z,) &, KZ, h as invariant + , and thus D, is a KZ, g 
KL2-division ring. Let D be the K-division ring with invariant 1/2u, where 
u = [KL’ : K]. If cp E K, then [KL2 : L2] = [KL2 : Q,(E,)][Q,(~,) : L2] = 
2[KL2 : Q,(c,)] contrary to assumption. This shows Ed $ K and so [K(E,) : K] = 
2% and hence K(E,) is a maximal subfield of D. Thus D 3 KL2 and so D 3 
Cent,(KL2) - D OK KL2. The latter has invariant 3 hence Cent,(KL2) N D, . 
But since both are KL*-division rings, they must be isomorphic, therefore 
DO C D and hence G is K-adequate. 
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Now suppose p = 1 (mod 4), or p = 3 (mod 4) and 2 1 [KC2 : L2]. Let w 
be as in the previous lemma and let G be as in Lemma 2 where i = w. We 
show that G is K-adequate. Since 2, the center of o(G), is normal over Q, 
all completions at primes /3 extending p are isomorphic. Thus 2, G L,. . Let 
b = [KZ, : Z,]. Since inv, v(G) = $, the invariant of o(G) (j& 2, is 6. 
By the previous lemma 2 + [KZ, : ZB] and thus the invariant of D, = 
(v(G) @& 2,) 6&, KZ, is $ . Let u = [KZ, : K] and let D be the K-division 
ring with invariant 112~. If K(EJ -= KZ, then K(E,) = KL, . But 2 / ~(K(E,,)/LJ 
and so 2 / e(KL,/L& a contradiction. Thus [K(E,) : KZ,l = 2 and so 
[K(EJ : K] = 2~. H ence K(E,) is a maximal subfield of D. The same argument 
as above shows that G is K-adequate. This completes the proof. 
Finally, we show that the previous theorem also determines the K-adequacy 
of noncyclic even-order groups. 
COROLLARY 9. If K is a p-local field, p # 2, then there exists a noncyclic 
even-order group G which is K-adequate if and only ;f q f e(KLQ/LQ) for some 
prime q \p - 1. 
Proof. If the condition is satisfied then the previous theorem guarantees 
a noncyclic group G which is K-adequate. If 1 G 1 is odd then trivially (- 1) x G 
is a noncyclic group of even order which is K-adequate. 
Conversely, suppose G is an even-order noncyclic group which is K-adequate. 
Let S be the (nonempty) set of even-order noncyclic K-adequate groups. 
Then the proof of [4, Lemma 121 shows that any HE S has a noncyclic Hall 
(p, q}-subgroup. Thus we consider the subset A of S which consists of the 
noncyclic Hall {p, q}-subgroups of those groups contained in S. If -4 contains 
an odd-order group then by [5, Theorem I] q Y e(KLQ/Lg) for some odd prime q 
dividing p - 1. Thus we may assume A contains only even-order noncyclic 
groups. This implies q 1 e(KLQ/LQ) f or all odd primes q j p - 1; since, if not, 
we would have an odd-order noncyclic group which is K-adequate, and it 
then has a trivial group extension which is in S and so would give rise to an 
odd-order Hall {p, q}-subgroup in A. Then the proof of the preceding theorem 
shows that 2 7 e(KL2/L2). 
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